The theory describing the operation of gyrotrons with tilted and shifted electron beams has been developed. Effects of the tilt and shift are studied for a 1 MW, 170 GHz gyrotron, which is presently under development in Europe for electron cyclotron resonance plasma heating and current drive in the International Thermonuclear Experimental Reactor. It is shown that one should expect significant deterioration of gyrotron operation in such gyrotrons when the tilt angle exceeds 0.4 -0.5 and the parallel shift of the beam axis with respect to the axis of a microwave circuit is larger than 0.4-0.5 mm. At the same time, simultaneous tilting and shifting in a proper manner can mitigate this deteriorating effect. V C 2013 AIP Publishing LLC.
I. INTRODUCTION
The gyrotron 1, 2 is the most popular kind of cyclotron resonance masers 3 capable of high-power electromagnetic (EM) radiation at millimeter and submillimeter waves. The popularity of gyrotrons can be explained by a relative simplicity of this device; in particular, by the ability to operate without small-scale slow-wave structure.
1,2 Another attractive feature of the gyrotron arrangement is its cylindrical symmetry of the interaction space. 1, 2 Typically this interaction space consists of a smooth-wall, cylindrical, slightly irregular waveguide, which plays a role of an open resonator, and a concentric thin annular beam of electrons gyrating in an external magnetic field. Therefore, the theory describing the interaction between gyrating electrons and the EM field in gyrotrons is based on the assumption about this axial symmetry, which greatly simplifies the treatment of the problem (see, e.g., Ref. 4 , and references therein).
In practice, however, there are always possible some misalignments between the electron-optical system of a gyrotron and its microwave circuit. Therefore, it can be important, especially for gyrotrons operating at very short wavelengths (sub-terahertz and THz regimes), to analyze the effect of such misalignment on gyrotron operation. So far not too much was done in this regard. The linear theory of the gyrotron with small parallel displacement of the beam axis with respect to the cavity axis was developed in Refs. 5 and 6 and then generalized for the case of coaxial cavities. 7 Results of this theory were confirmed in the MIT experiments. 8 Later, the effect of such displacement on the wave interaction in gyrotrons was studied in the framework of the nonlinear theory 9 and a self-consistent theory accounting for the disturbance of concentricity was developed in Ref. 10 . All of those studies, as well as Refs. 11 and 12, where this effect was studied experimentally and confirmed by some numerical simulations, however, were restricted by consideration of the parallel displacement of the beam axis. (In Ref. 12 , it was shown that the displacement of the beam axis with respect to the tube axis varies with the axial coordinate, but this axial dependence was discussed in terms of the total length of a gyrotron, not within the resonator distance.)
The effect of the beam tilt was analyzed only in quasioptical gyrotrons, where the EM field between two mirrors forms a standing wave pattern, and electrons in some beamlets of an annular beam interact with the standing wave more efficiently than in others. There, as was shown theoretically 13 and then confirmed experimentally, 14 a slight tilting leads to more uniform interaction of all electrons with the EM field, and hence, improves the efficiency.
It is intuitively clear that the role of such misalignments increases with the wavelength shortening. Therefore, in view of numerous recent experiments with sub-THz gyrotrons, [15] [16] [17] it makes sense to analyze this problem in more detail. In the present paper, the effect of the beam tilt on the efficiency of the conventional gyrotron close to cylindrical symmetry interaction space is analyzed. The paper is organized as follows. In Sec. II, we formulate the equations describing the problem. In Sec. III, we analyze the effect of the tilt on the efficiency of a 170 GHz gyrotron, which is presently under development in Europe for plasma applications in the International Thermonuclear Experimental Reactor (ITER). 18 (The state-of-the-art in the gyrotron development for ITER in Japan and Russia was presented elsewhere. 19 ) Section IV is devoted to studying the effect of the beam tilt on the interaction between co-and counter rotating waves in the same gyrotron. Finally, in Sec. V, we discuss the results obtained and summarize the work.
II. FORMULATION OF THE PROBLEM
Let us start from explaining the difference between electron interaction with EM waves in gyrotrons with and without electron beam tilting. In axially symmetric gyrotrons, the coupling of electrons gyrating about a guiding center with a radial coordinate R b to rotating TE m,p -waves can be described by the function (see, e.g., Ref. 4)
In (1), s is the cyclotron resonance harmonic number, k ? is the transverse wave number, which in a waveguide of a variable radius depends on the axial coordinate z, and w is the polar coordinate of the electron guiding center. Note that in the region of a variable magnetic field, also the radial coordinate of the guiding center varies along z in accordance with Busch's theorem: R b ðzÞ ¼ R b;min ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi B max =BðzÞ p . In the case of an electron beam axis displaced with respect to the cavity radius, the coordinates of the electron guiding centers in the resonator frame (R b , w) and in the beam frame (R 0 , w 0 ) are related as
where d is the distance between two axes. Correspondingly, as shown in Ref. 5 , by means of the Graf theorem, we can derive from (1) the following expression for the coupling parameter in a gyrotron with a displaced beam:
In the case of the parallel displacement of the beam axis, the distance d between two axes is constant, while in the case of a tilt it varies along z in accordance with a simple formula
In (4), x 00 and y 00 are transverse coordinates of the beam frame origin with respect to the origin of the resonator frame at the entrance (z ¼ 0) and the angles a x;y are the tilt angles in corresponding directions. Since x and y axes can be chosen arbitrarily, we can assume without a loss of generality that the beam is tilted in x-direction only. Also, assuming that the distance between two axes is always smaller than a wavelength, we can take into account in the sum (3) only a limited number of terms. So, to describe the beam-wave interaction in gyrotrons with a tilted beam by equations similar to those for a symmetric gyrotron, it is enough to introduce just one new function, which is the ratio of the beam coupling in a gyrotron with a tilted beam to that in a gyrotron with a concentric beam in the resonator mid-plane
In (5), k ?0 ¼ m;p =R w;str is the transverse wave number in a straight section of the resonator having the wall radius R w;str , and R 00 is the beam guiding center radius there in the case of no misalignment ( m;p is an eigennumber of a given mode). So, for a gyrotron with a concentric beam and the constant magnetic field and the wall radius in the interaction region, this ratio is equal to one. Let us discuss this function, first, in application to the ideal gyrotron, and then, in the case of a gyrotron with some misalignments. In an ideal gyrotron, when the magnetic field and/or the wall radius vary along z in the interaction region, this ratio T becomes a function of the axial coordinate T ¼ TðzÞ, but the numerator has only one non-zero term in the sum, i.e., the term with q ¼ 0. This function can become much smaller than unity either due to profiling of the circuit wall reducing the transverse wave number or due to decreasing magnetic field causing decompression of the electron beam. Both of these factors lead to the shift of an electron guiding center from the peak of the transverse structure of the RF force acting upon electrons toward its null, i.e., to separation of an electron beam from the EM field (this issue has been discussed elsewhere 20 ). All these changes originate from the axial dependence of the transverse wave number k ? ðzÞ and the axial dependence of the guiding center radius R 0 ðzÞ, which was given above, in the following equation:
Note that, when electrons are injected in an inner peak of the radial structure of the rotating TE m,p -mode, in (5a), k ?0 R 00 % m. Also (5a) shows that the wall uptapering and the decrease of the magnetic field in this uptaper region not necessarily should result in interruption of the beam coupling to the wave, because the wall uptapering reduces the transverse wave number, while decreasing the magnetic field increases the beam radius. Corresponding conditions for electrons to be strongly coupled to the wave in this region follow from (5a). For a gyrotron with a parallel displacement, there are many nonzero terms in the numerator, but the distance d between two axes is constant. Finally, in the case of the tilt, there are many nonzero terms in the numerator, and the distance d depends on z.
Correspondingly, the normalized amplitude of the resonator field F (see, e.g., Ref. 4) can be defined for the electron coupling to the wave in the center of an ideal resonator and multiplied by the new function TðzÞ. Then, the equations describing gyrotrons with a tilted electron beam can be given in a relatively simple form. Assuming that the axial distribution of the EM field in a resonator f ðzÞ does not depend on an electron beam (so-called cold-cavity approximation), these equations can be given, in accordance with Refs. 9 and 21, as follows:
U ¼ Ài F cyclotron resonance mismatch, which in a tapered magnetic field is a function of z. Equation (7) describes excitation of the resonator field by an electron beam. Here, the variable s ¼ xt=2Q is a slow time normalized to the cavity fill time (Q is the cavity quality factor). The complex gain functionÛ defined by Eq. (8) characterizes the electron beam interaction with a given mode. The normalized beam current parameter used in (7), in accordance with Refs. 4 and 21, is equal to
In Eq. (9), the coupling parameter G is defined for an ideal gyrotron with a thin annular concentric electron beam
III. POSSIBLE EFFECT OF MISALIGNMENTS ON THE EFFICIENCY OF A EUROPEAN, 1 MW, 170 GHz ITER GYROTRON
In this section, we analyze how the effects discussed above may affect the operation of a new 1 MW, 170 GHz gyrotron with a cylindrical resonator, which is currently under development for ITER in Europe. 18 This gyrotron is designed to operate in the TE 32,09 -mode at the fundamental cyclotron resonance (s ¼ 1). The profile of a circuit wall in this gyrotron is shown in Fig. 1 .
18 Figure 2 shows profiles of the magnetic field in two possible cryomagnets, which can be fabricated either by "Oxford Instruments" (OI) or by the Italian company "Ansaldo" (denoted by ASG in Fig. 2) .
In Figure 3 , the axial dependencies of the function TðzÞ are shown for the case of an ideal gyrotron, in which there is neither shift nor tilt (Fig. 3(a) ), and for the case when there is just a parallel displacement of the beam axis (Fig. 3(b) ). As shown in Fig. 3(a) , in the case of cryomagnets with decreasing magnetic field in the output uptaper region, the function T(z) remains closer to 1.0, than in the case of the constant magnetic field in this region. This fact confirms our discussion above, after Eq. (5a). The studies showed that, when the shift is small (d ¼ 0:25 mm or 0:5 mm), the effect is very weak: the curves are practically indistinguishable from the one shown in Fig. 3(a) . Therefore, in Fig. 3(b) , the profiles of T(z) for the 1.5 mm displacement are shown.
Results presented in Figure 4 illustrate the effect of the tilt. As one can see, even a quarter of mm shift at the entrance, being combined with a half degree tilt, results in substantial deterioration of the coupling of, at least, some beamlets to the operating mode after the resonator. As one would expect, the effect of the tilt is more pronounced in the output part of a structure. Note that a 1 tilt results at the distance of 110 mm shown in Fig. 4 to the beam displacement at the end of the interaction space by 1.9 mm, which exceeds the operating wavelength of 1.76 mm.
The effect of the shift and tilt on the interaction efficiency is illustrated by the results presented in Figures 5 and  6 . In Fig. 5 , the contours of equal efficiencies are shown for a gyrotron with an electron beam having only parallel displacement (a) and for the cases when there is a tilt equal to 0.5 (b) and 1 (c). In Fig. 6 , the resulting dependence of the maximum efficiency on the tilt angle is shown.
So, our simulations revealed that the deteriorating effect of the tilt can be compensated by a proper displacement of the beam center at the entrance, which results in a better matching of the beam and resonator axes in the interaction space on average. As a result, the maximum efficiency in all cases shown in Fig. 5 is practically the same.
IV. EFFECT OF THE BEAM TILT ON THE INTERACTION BETWEEN CO-AND COUNTER ROTATING WAVES
In a gyrotron with an ideally symmetric interaction space, the co-and counter-rotating TE m,p -modes with the same absolute values of the azimuthal and radial indices compete and one of them, which is stronger coupled to the beam can be excited first, and then, has better chances to win the competition (see, e.g., Ref. 4 , and references therein). The misalignment between the beam and resonator axes may result in the coupling between such two waves, and hence, lead to their co-existence. This issue for the case of the parallel beam displacement was analyzed in Ref. 9 . Below, we consider the same effect in the case of the beam tilt. Corresponding equations represent a generalization of (6)- (8) , and (c) a tilt angle 1 . 
The boundary condition to Eq. (11), which describes the changes in the electron orbital motion in the process of interaction with two waves, is the same as for Eq. (6): (12)- (14) are written for the case when both modes have the same Q-factor. However, the normalized beam current parameters I 1;2 (9) for these modes are different because the coupling parameters G 1;2 defined by Eq. (10) have "m À s" and "m þ s" orders for the co-and counter-rotating waves, respectively. Results of calculations are shown in Figures 7-9 . Figure 7 shows the degradation in the efficiency and changes in the mode content with the tilt in a gyrotron with the beam concentric with the cavity at the cavity entrance. Figure 8 shows the same dependences in the case of a parallel displacement of the beam axis.
As shown in Fig. 8 , at large enough shifts (more than 0.8 mm), the amplitude of the second mode exceeds the amplitude of the first one. In such regimes, the efficiency decreases by a factor of two or more in comparison with the efficiency of an ideal gyrotron. It should be noted that both the tilt and the shift result in the onset of oscillations of coand counter-rotating waves with constant amplitudes. The temporal evolution of the mode amplitudes and phase difference and the interaction efficiency are shown in Figure 9 .
V. DISCUSSION AND SUMMARY
The theory describing the operation of a gyrotron with a tilted and shifted electron beam has been developed. It is shown that in MW-class gyrotrons, like the one which is presently under development in Europe for the experiments on electron cyclotron plasma heating and current drive in the tokamak ITER, significant degradation in the interaction efficiency may occur when the tilt angle exceeds 0.4 -0.5 . At the same time, this degradation caused by the tilting can be mitigated by a corresponding shifting of the beam axis. In addition to the degradation of the interaction efficiency, the appearance of the counter-rotating wave in a gyrotron designed for the operation in the co-rotating wave should degrade the efficiency of the conversion of the operating mode into a gaussian wave beam. Thus, the overall efficiency of such a gyrotron, which includes the efficiency of built-in quasi-optical converters, degrades even faster than the interaction efficiency shown in Figures 6-8 .
We have also estimated the effect of the electron velocity spread, assuming that electrons do not have any spread in energies, but just in pitch-ratios or (that is the same) in orbital velocities. In calculations, we modeled the velocity distribution by 6 fractions. It was found that for the spread as large as Db ? ¼ 0:5, which corresponds to 6% RMS spread, the spread decreases the efficiency in the case of an ideal beam (x 00 ¼ 0 mm), from g ¼ 0:28 down to g ¼ 0:22. In the case of the parallel shift (x 00 ¼ 1 mm), the effect is much stronger: the efficiency drops from g ¼ 0:05 down to g ¼ 0:009 (cf. Figure 8) .
At the same time, one can also expect a favorable effect from the beam tilting in gyrotrons with substantial aftercavity interaction (ACI). As known, [22] [23] [24] such interaction may occur in the output waveguide in the region where the changes in the waveguide and magnetic fields profiles result in obeying the cyclotron resonance condition between the outgoing forward wave and electrons moving in a decompressing magnetic field. This additional interaction often reduces the gyrotron efficiency, because in this region a spent electron beam reabsorbs the energy of electromagnetic waves. Correspondingly, a small tilt, which weakens the beam coupling to the wave in the region of ACI, can mitigate the effect of ACI. Some estimates for the required tilt can be readily obtained from simple formulas describing the ACI, which are given in Ref. 25 . This interesting issue deserves a separate special study.
